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This paper presents a new metric for slowly rotating charged Gauss-Bonnet black 
holes in higher dimensional anti-de Sitter spaces. Taking the angular momentum 
parameter a up to second order, the slowly rotating charged black hole solutions are 
obtained by working directly in the action. 



cr. 
^ . 

t^. I. INTRODUCTION 

The higher derivative gravity theories have gained much interest during the past years. 

"^ ■ It is beUeved that Einstein's action is only an effective gravitational action valid for small 

^ \ curvatures or low energies [l|. Considering the fundamental nature of quantum gravity, one 

O ' sees that the action will be modified by higher derivative interactions in the the renormal- 

ization of quantum field theory in curved spacetimes [21-^]. Besides, these higher derivative 

terms can be seen in the construction of the low-energy effective action of string jsHsl . The 

j_j ■ so-called Lovelock gravity is quite special |9|. Except for the advantage that the equations of 

motion of the Lovelock gravity, as the case of the Einstein's general relativity, do not contain 

terms with more than second derivatives of metric, the Lovelock gravity has been shown to 



be free of ghost when expanding on a fiat space, evading any problems with unitarity [10|, lll |. 
The Gauss-Bonnet terms appear as the first higher derivative curvature correction term to 
general relativity. The black hole solutions in Gauss-Bonnet gravity were first discovered 



by Boulware and Deser 12| and Wheeler 13|, independently. The thermodynamics of the 



uncharged static spherically Gauss-Bonnet black hole solutions have been considered in Refs 
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16| and of charged solutions in Ref jl7| . Recently the quasinormal mode of a scalar field 
in five dimensional Lovelock black hole spacetime for different angular quantum numbers I 
has been obtained in |l8[ . Liu |l9| studied the electromagnetic perturbations of black holes 
in Gauss-Bonnet gravity. 

It is of interest to generalize these static Gauss-Bonnet solutions by including the ef- 
fects of rotation. This problem has been considered recently in [23|] within a perturbative 
approach. It is worth mentioning that, for the Gauss-Bonnet action, the resulting field equa- 
tions, obtained after variation with respect to the metric tensor, have seven terms. While the 
resulting field equation for third order Lovelock gravity contains thirty-four terms. However, 
by working directly in the action, the exact static Gauss-Bonnet black hole solutions were 



obtained 



12 



16| . and third order Lovelock black hole solutions in |20l-l22|. Using the same 
approach, in this paper, we want to obtain the slowly rotating black hole solutions in Love- 
lock gravity. Apparently the lowest level contribution of rotation should be proportional to 
a^. Hence, linearly dependent on a, the metric demonstrated in Ref [23| can not be adopted 
in this case. So, we need to find a proper metric ansatz up to a^. 

This paper is organized as follows. In Section 2, we present a new form metric and obtain 
slowly rotating charged black hole solutions by working directly in the action. Then we 
discuss some related thermodynamic properties of black holes. Section 3 is devoted to a 
summary of the results. 

II. SLOWLY ROTATING CHARGED GAUSS-BONNET BLACK HOLES 
A. A new metric and Rotating black holes 



In general relativity, the higher dimensional generalization of the Kerr-AdS black hole 
solutions can be found in 
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25[. It is expressed as in the Boyer-Lindpuist type coordinate 



,9 ^r / , asin^6',,,, S ,, S ,^r, A0sin^6', , r'^ + a^,,.o 

Zj ^ /Aj. Ag Zj l^ 

+ r^ cos^ ednl_^, (1) 



where 



T. = r^ + a^cos^9, A^ = (r^ + a^)(l + ^) - mr 



,5-D 



Ag = 1 - — - cos^ 6, 



- = '-¥■ 



The parameters m and a are related to the mass and angular momentum of the black hole, 
as we shall see. 

If we consider the metric Eq. ([1]) up to the second order in the parameter a, the compo- 
nents of the metric are expressed as follows: 



gtt = -[1- 

9rr 



2 2 

m r a 



+ — + ^ sin^ e + 



1 + a^ cos^ O/r"^ 






+ 0(a^), 



= (r^ + a^ cos^ 61 + 



[1- 

2^2 



rO-3 "T p 



rl]2^p 



r, + -,) + o{a% 



a r 
~P 



■ cos 



0{a' 



= [r^ + a^ + a^ sin^ 6'( 



m r^, 2a^r^sin^6', 

+ 77; 



^D-3 /2 



sin^ e + 0{a^ 



m 



gt^ = 2asin2^(--^— ) + 0(a3). 



p ^D-3' 



(2) 



Setting a = 0, we find that metric Eq. (|2]) reduce to the static case. It is known that the static 
black hole solution in D dimensional spacetimes in general relativity is /(r 



1- 



I ;2 ■ 



Replacing 1 — ^^^^ + p- with /(r), we obtain a new metric when all terms involving a^ and 
higher powers in a are ignored 



ds"^ 



+ 



a' a\l-fir))cosH 
Jv) ' p ' ^2 

1 a2(cos2^/(r)-l) 



a 



df 
2 



L/(r) 



r'^fir) 



Pf{r) 



dr' 



^2^2 



+ (r^ + 0? cos^ 6 + — ^ cos^ 



+ 



2 I 2 
r + a 



2a2r2 sin^ ^ 



+ a2(l-/(r))sin2^ + 

+ 2ar'^p{r) sin^ 6dtd(j) + r^ cos^ 6'dfi| 



P 



sm 



'D-45 



(3) 



where parameter a^ is a small quantity and the functions /(r) and p{r) satisfy the relation 
p{r) = '"/ . Simplification for future, we order /(r) and p{r) are two independent 
variables. Besides, taking the parameter a up to the first order, the metric Eq. (|3]) becomes 
the counterpart in Ref [23 1. 



The action for Gauss-Bonnet theory with negative cosmological constant A = —{D — 
\){D — 2)//^ in D dimensions is given by |23| 

^ = TTTT^ I d''x./^{-2A + R + aCcB - 47rGF^,F^"), (4) 

iOTTU J 

where a is the Gauss-Bonnet coefficient with dimension {length)^ and is rescaled with 
(D-3MD-A) ^^ future. Note that the Lagrangian of Lovelock gravity is the sum of dimen- 
sionally extended Euler densities, and then, the Lagrangian of Gauss-Bonnet term also can 
be expressed as [15 1 
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Here, all non-vanishing components of Riemann tensors (up to a^) can be expressed as 



^ ki ^ ki^ -^ kv 



where R^\i is in the absence of a and R!'\i is proportional to a^. Moreover, based on 
the relationship of indexes, these Riemann tensors also can be classified into three groups: 
(I) diagonal form i?*"*,-, (II) off-diagonal form proportional to a and (III) off-diagonal form 
proportional to a?. For group (I), we find that the Riemann tensors -R^^i2, R^^u-, R^^2i 
and -R*"'jj are all absent from parameter a. They can be represented as R^^i2 = — 2 , 
R^\. = -^, R'^\- = -^ and R'\j = ^^^(3 < i < j < D) which is independent to 
the dimensions D. Some of key steps are given in appendix. Denoted the Lagrangian of 
Gauss-Bonnet term from the contribution of the case (I) by Cd, it can be written as 

^d = -C-d + ^d 

_xaib\a2b2 ( f3C\d\ pC2rf2 j.OR'^i'^i pC2rf2 N 

~ 4"cifeiC2<i2 V-^ aifci 0262"^^-^ ai6i a2b2) 



where 



Ao + Ai + A2 + A3 + A4 + 5i + ^2 + B3 + ^4, (6) 



A _ _xa.ibia2b2 pcidi 002^2 

^0 — ^^cibiC2d2^ aibi^ 0262 

= {D- 2){D - 3){D - A){D - 5){R\^)\ {z,j > 3) 

A, = 26:ill^R^^\,R'\ = A{D - 2){D - 3)R'\,R'^ 



A, = -5'^^]R'\,R'\^=S{D-2){D-?,)R'\,R' 



Ahi2jR \iR \j — 8(-D - 2)(£) - 3)i? \iR \j, 



^3 = \5]^;iW'^,R'\, = A{D~2){D-?>){D-A)R'\,R^'^,, 

M = \s^tR''^kR'\, = 4{D -2){D- 3){D - 4)R'\,R%, (^, j, k > 3) (7) 



and 



5i = A{D -2){D- 3)R^\2 X ^^^34, 



D 



52 = 4 ^ R'\^ X 2{D - 3)R'\, + {D-3){D- A)R'\, 



1=2, 
D 



2i 



B, = 4^i? 2. 

1=3 
D 

i?4 = 8 2^ R'\^j 

i>j=3 



X 



?45 



2{D - 3)R'\, + (D - 3)(D - A)R ,, 



; X 



i?% + (D-4)(i?i\3 + i?2 



25) 



^ {D-A){D-^) ^ 



kl 



kl 



{k>l> 4). 



(8) 



Inspecting the off-diagonal Riemann tensors, we calculate the parts of Lagrangian from 
the off-diagonal Riemann tensors in case (II) 



^od — ^odl + ^od2 + ^od3} 



(9) 



where 



r — 4i'fi>12 p34 I pl3 p24 , pl4 p23 N 

^odl — ^y-Tl 3^n, 12 ~r It 24-"- 13 ~r -"- 23-"" 14/' 



D 



^od2 = 2^4(i? 24-R li + R 12-R i4)' 
i=3 
D 

Cod, = J2 4(^'^4^'\- + R'',,R''u), (^ > J > 3). 



(10) 



ij=3 



It is interesting to note that the contribution of off-diagonal Riemann tensors in case (III) 
vanishes following the properties of the Kronecker delta symbol. In addition, the Ricci scalar 
R is given by 



R — R -\- -ft. 



(11) 



where R is equal to — ^-^ H — "{ — f"{i") and R is proportional to a^ and shown in 
appendix. 

Since the black hole rotates along the direction 0, it will generate a magnetic field. If we 
considering this effect, the gauge potential can be chosen 



A^dx'' = Atdt + 



(12) 
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where At = Qh{r) + a^ cos^ 9Qk{r), A^ = —asin^ 9Qc{r). Therefore the nonzore con- 
travariant component of the electromagnetic field tensor can be written as 

Fi, = -Qh'{r) - a^ cos^ eQk'{r), Fte = a^ sm{2e)Qk{r) 

Fr^ = -aQc'{r)sm^e, Fg^ = -aQc{r) sm{2e). (13) 

By substituting the ansatz Eq. ([3]) and tensors of electromagnetic field Eq. flT3l) into the 
action Eq. (jl]), the action becomes 

X = Z{f{r),p{r),h{r),k{r),c{r)). (14) 

Firstly, varying the action Eq. (H^ with regard to the function k{r), we find the solution 

h"{r)r + {D-2)h'{r) = 0. (15) 



Hence, we obtain 



Mr) = -fe + Ci. (16) 



j.D-3 



where Ci and C2 are two integration constants. We choose Ci = and C2 = 4mj_3)^ and 
then the function h{r) can be written as h{r) = ^^.^_g^ ^.3 . Then, the variation of the 
action Eq. ( TI^ with regard to c{r) becomes 

[r^-V(r)c'(r)]' - 2{D - 3)r^-^c(r) + ^ = 0. (17) 

Taking the variation of the action Eq. (fT4|) with regard to the function p{r), we arrive at 

= [25/(r) - 25 - r'^yf{r)p"{r) 

+ [2{D - 2)a(/(r) - 1) - Dr^ + 2ar/'(r)]r/(r)p'(r) 

+ {{D - 2)[-firy + (1 - /(r))((D - Sy - 2ar/'(r)) + (D - 5)«(1 - /(r))^ 

+ ^^ ~y'' 1 - 87rG'gV/i'(r)}p(r) + 167rGgV/i'(r)c'(r). (18) 

If supposing the coefficient of function p(r) vanishes, we find that, for h{r) = ^^.^_gx j,_3 , 
the function /(r) is obtained 



^, . _ r^ ,^ / 4a 4am 2a GQ'^ . ,_,. 



Moreover, the Eq. (fT8!) reduces to 

r^[l + 2auj{r)]p'{r) + 4GQ^c{r) + C3 = 0, (20) 



where u{r) = (1 — f{r))/r^. Based on the Ref. 23|, the function p{r) is given by 



, , 1 ,^ /-, 4a 4am 2a GQ^ , ,„,v 



and cir) is 



by taking constant C3 = {D — l)m. Apparently the functions /(r) and p(r) satisfy the 
relationship p{r) = —(1 — f{r))/r'^. 

Furthermore, varying the action with regard to the electromagnetic field h{r), we have 

{D-l) + 2{D - 2){D - 3)7ir^k'{r) + 2{D - 3)7ir^^^ k" (r) = 0. (23) 

We can obtain k{r) = — 4;;tdz^wd^^ where integral constants are all ignored. Therefore, the 
tensor of electromagnetic field are given as 

Q (D-l) 0^0^ ^ a'Q 



tr 



W^ - MD-3)r^ " ^ ''' ^' ^^' = - AniD-3)r--^ '"^^^^^ 



Fr, = -^^,^^'0, i^.^ = ,^(^!.^3)^^_3 sin(2g). (24) 

Furthermore, it is easy to verify that the expressions for functions /(r) Eq. f l2Up . p{r) 
Eq. ( I2TI) . c(r) Eq. ( I22l) and /i(r) = —k{r)r^ = ^^,^_L jj_3 still satisfy the variation of 
action Eq. (|4]) respecting to /(r). 



B. Thermodynamics of black holes 

The Killing vectors can be used to give a physical interpretation of the parameter m and 



a. Following the analysis given in 



25 



28 



one can obtain coordinate-independent definitions 



for these parameters. We have the integral 

*' - -libl^ / «S"^°-^^-. J-jtcf «i5?^°"^- P«' 



where the integrals are taken over the {D — 2)-sphere at spatial infinity, 

ci^-^S^, = —L_^^,/^e^^^^^dx'' A dx'' A ...dx'^-\ (26) 

To justify the definitions Eq. (!25|) . we can calculate the integrands in the asymptotic region 
r — )■ oo. For the dominant terms in the asymptotic expansion we have 

t-r _ m{D-3) ,.^,l. .t;r _ amjD - 1) sin^ 9 , ,^, 1 ^ f^„. 

^(t) ~ 2r^-2 "^ V^'^' (*) ~ 2r^-2 ^'^^^d)' ^'^') 

We perform the integration over a {D — 2)-sphere at r — )■ oo. It gives 

,^ m(D-2)Sfc ^ 2Ma 

M = — -^^, J = . (28) 

levrG ' D-2 ^ ^ 

In addition, if a = 0, the black hole does not rotate and the metric represents a spherically 
symmetric charged black hole with a spherically symmetric electric field. If the black hole 
rotates a 7^ 0, the electric field is supplemented by a magnetic field due to the dragging of 
the inertial reference frames into rotational motion around the black hole. 



III. CONCLUDING REMARKS 

In present paper, we proposed an new metric and then obtained the slowly rotating 
charged Gauss-Bonnet black hole solutions in anti-de Sitter spaces by working directly in 
the action. Besides the function /(r), the diagonal components of the metric also involve 
a^. Moreover, the gt^ is proportional to r^p{r) as to make the equation for p{r) much 
simple. Since the black hole rotates along the direction (p, vector potential has an extra 
nonradial component A^ = — asin^ 6Qc{r) and the t component is written as At = Qh{r) + 
a? cos^ 6Qk{r). By taking variation of the action respecting to the functions p{r), f{r), c{r), 
h{r) and A;(r), respectively, we got the exact form for function p{r), while the function /(r) 
still kept the form of the static solutions. Moreover, the exact expressions for c{r), h{r) and 



k{r) have been expressed as c{r) = —h{r) = k{r)r 



2 



47r(Z)-3)r^-3 ' 



IV. APPENDIX 



From the metric Eq. Q, we obtain some of the intermediate steps of the calculation. 



Riemann tensors. The non-vanishing Riemann tensors can be classified into three 
groups: (I) diagonal form i?*"',-, (II) off-diagonal form proportional to a and (III) off-diagonal 
form proportional to a^ . 

group (I): 

pl2 _ pl2 I 512 pl2 _ Jv) 

-'^' 12 ~ -"- 12 "T -"- 12) -"- 12 ~ 2 ' 

, fir-r , . 2n , r -2/(r)- 3(1 - /(r)) , /(r)--^ 1 



^'\, = ^"h + R''u, R''u = -^T' (3 < ^ < ^) 



S13 ^ J _pW^ 1 /(^)' _ /W , rp{r-ff{r-)' rp{r)p{ry 

13 1 J(^) + J(^)^4 + ^3 ^4 + i 2/(r) 2 



l + /(r) /(r)' , 2 2p{rf , /(r)' 



+ ^TTT - -tH- + "^^ + p(^) ] si'^ ^ r « 



2/(r)r3 rV(r) /(r) r^ 

i?^'']^4 = ^ [— J5(r)^ — rp{ryp{r) — 



14 _ J , , ,2 ....^,...^ r^virT , /(r)'' /(r)' , /(r)' 



4 r"' 2r^f{r) Ar"^ 

f{r)'f{r) ^ rfirypjrf f{ry -p(r) V + 1 - /(r)^ 

pii _ /rP(^)^ ^^^A2 /(^)' 1 , /(^)'P(^)^ ^P(^)'p(^) i,,^2^ 

1^- - V/(r) ^^ ^ 2r3/(r)' r4/(r) 2/(r) 2 ^ 



R'\^ = R'\^ + R'\^. R'\^ = -^, (3 < ^ < D), 

R'\. = R'\, = «^ [^ + ^^^^^] cos^ ^, (5 < J < z^ 



i? 



,Jirr-2firy'fir) ^ rMr)p{ry' 3 f (r) f (ry f (rf 



24 V 4r2 2 2r3 r^ 

-] sin=^ ^ + 4(2 - 2/(r) + f{ryr) \ a^, 



r^p{ry^ 3rp{r)p{ry . 2n , .rn nj^r\,j-r\'\(2 
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R'\, = R^, + R^\,. R'\, = ^1^, i3<^<J<D), 



-6 — 5/(r) — /(r)^ ^ f{r)f{r)' ^ 10 — rp(r)p(r)'^ 

'2^ 



-K 34 = S I -, 1 TT^ 1 I Sm V 



9 6(1 - /(r)) I ^2 






R%, = 2a^ cos^ e{-— + ^^^), {5<k<D) 



,4Z Jr/W/W rp(rMr)' , 3 /(r)^ + 2 - /(r)^ . ^ 



^% = ^["^^^-^^f^ + ^+ ,4 ^^1 ^^n-^ 



+ ^^^4 -I;I^^^ (5</<Z^) 



2(/ (r) - 1) _ J_ I „2 

R^\^ = a" cos^ ^ ^^""^'^ (5 < A; < / < Z^). 
group (II): 

R^\^ = -ar^ sine cos ep'{r), R^\ 



12 _ ..2 .^/i „_/,// X Di3 _ acos^sin^p'(r) 



2/(r) 



group (III): 



oi2 r /(^) . ^2 3 KrfHrV . w. ^ 2 



2/(r)r2 ^' ' r3 2/(r) 

a^ sin ^ cos ^, 



3/(r) f'ir)^ 2 



With regard to Ricci scalar, the term R which is proportional to a^ is given by 

I f{r) 2r^f{ry f{r) f{r) f{r) 

_ 3rMrr 2firy 2f{r)f\r)' ^ fjrf 8 ^ fir)fir)" 2f\r)' 

, f{rr fir)" 2/(rf 20 /(rf 10/(0 , ■ 2 nMrf 14, 4 



}'f-l/y'\Zi/y'A /y A /y^ ry^ T \ 1" \ 1" A jv*4t Til"] ry^ T ( 1" il" 

6/(r)' /(r)" 10/(r) 30sin^g-26 ) ^ 
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